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Basics of the graph theory 
and 

the graph zeta functions
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Graph and basic concepts
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An object that vertices are connected by edges
Set of vertices
𝑉 = 1,2,⋯ , 𝑛!

Set of edges
𝐸 = 𝑒", 𝑒#, ⋯ , 𝑒$!

Source and Target
𝑒 = 𝑣, 𝑣% ∈ 𝐸 ⟹ 𝑣 = 𝑠 𝑒 , 𝑣% = 𝑡(𝑒)

Inverse edge
𝑒 = 𝑣, 𝑣% ⟹ 𝑒&" = 𝑣%, 𝑣

Set of the edges and the inverse edges
𝐸' = 𝑒", 𝑒#, ⋯ , 𝑒$! , 𝑒"

&", 𝑒#&", ⋯ , 𝑒$!
&"

= 𝒆( 𝑎 = 1,⋯ , 2𝑛)}

Path
𝑃 = 𝒆("𝒆(#𝒆($⋯𝒆(% ∶ 𝑡 𝒆(& = 𝑠 𝒆(&'"

Product of paths
𝑃! = 𝒆"!⋯𝒆"" 𝑃# = 𝒆$!⋯𝒆$"# 𝑡 𝒆"" = 𝑠 𝒆$! 𝑃"𝑃# = 𝒆("⋯𝒆(%𝒆*"⋯𝒆*%(

Cycle
𝐶 = 𝒆("𝒆(#𝒆($⋯𝒆(% , 𝑡 𝒆(% = 𝑠 𝒆("

Equivalence class of cycles
𝐶 = 𝒆("⋯𝒆(% , 𝒆(#⋯𝒆(" , … , 𝒆(%⋯𝒆("
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Classification of the graphs
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Connected graph
any pair of the vertices can be connected by a path

Regular graph
the degrees of all vertices are the same

Tree graph
a graph containing no cycles

Complete graph
each vertex connects to all other vertices

<latexit sha1_base64="Zt24pXJbIAR5U/9MPPrF28iMJXs="></latexit>

K4

<latexit sha1_base64="Se/yN5vyrGHOD93wdquz82yn5Zo="></latexit>
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Cycle graph

<latexit sha1_base64="uuyGjECfcoY9WFg0kK8HlAUeHuw="></latexit>

C4
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C5
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C3 = K3

Simple graph
a graph containing no loops nor multiple edges



Matrices associated with a graph
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Adjacency matrix
<latexit sha1_base64="vUSQ1cy11E8h4XhCOadIAQ/q9ZI="></latexit>

Avv0 =
X

e2ED

�hv,v0i,e . (v, v0 2 V )

<latexit sha1_base64="s2ExR/e0rxurhPxqqQDWd9RfXZo="></latexit>

ADT =

0

BB@

0 1 1 1
1 0 1 0
1 1 0 1
1 0 1 0

1

CCA Double Triangle (DT)

Edge adjacency matrix
<latexit sha1_base64="qMh2Itt8ZGFAB4DbpV4EuP9Kva0="></latexit>

Wee0 ⌘
(
1 if t(e) = s(e0) and e0�1 6= e

0 others
. (e, e0 2 ED)

<latexit sha1_base64="02YWYgt4oVE/7nYRpYlkcnmj/2g="></latexit>

WDT =

e1 e2 e3 e4 e5 e�1
1 e�1

2 e�1
3 e�1

4 e�1
5

e1 0 1 0 0 0 0 0 0 0 0
e2 0 0 1 0 1 0 0 0 0 0
e3 0 0 0 1 0 0 0 0 0 0
e4 1 0 0 0 0 0 0 0 0 1
e5 1 0 0 0 0 0 0 0 1 0
e�1
1 0 1 0 0 0 0 0 0 1 1
e�1
2 0 0 0 0 0 1 0 0 0 0
e�1
3 0 0 0 0 1 0 1 0 0 0
e�1
4 0 0 0 0 0 0 0 1 0 0
e�1
5 0 0 1 0 0 0 1 0 0 0

(example)

<latexit sha1_base64="BuSlFNKPAD37CSJiAvGeoxDeGkc="></latexit>

DDT =

0

BB@

3 0 0 0
0 2 0 0
0 0 3 0
0 0 0 2

1

CCA

Degree matrix
<latexit sha1_base64="4844fe3uo9jkwpErQQUTdgf3ues="></latexit>

D ⌘ diagv2V (deg(v))
<latexit sha1_base64="CkQ2GWzYBtjp1wD8zrTXo2KJmKA="></latexit>

Q ⌘ D � 1

Incidence matrix and Graph Laplacian
<latexit sha1_base64="MWXIzIgW7irEP5Vl25iuB9M4O/g="></latexit>

LDT =

0

BBBB@

�1 1 0 0
0 �1 1 0
0 0 �1 1
1 0 0 �1
1 0 �1 0

1

CCCCA

<latexit sha1_base64="1kNKX7aRRvd7IPDMpz0rflBBRSk="></latexit>

Lev ⌘

8
><

>:

1 v = t(e)

�1 v = s(e)

0 otherwise

<latexit sha1_base64="I9khZh4QC3RYOZ9CxxcpqSHBbj0="></latexit>

� ⌘ LTL = D �A

<latexit sha1_base64="qfQogQFFjBTHreTlw+XijjHkm2k="></latexit>

�DT =

0

BB@

3 �1 �1 �1
�1 2 �1 0
�1 �1 3 �1
�1 0 �1 2

1

CCA

𝐿 ∶ 𝑉 → 𝐸 ⇔ 𝑑 ∶ exterior derivative



Cycles
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Bumps (backtracking and tail)
In a path 𝑃 = 𝒆("⋯𝒆(% , a part 𝒆()𝒆()'" satisfying 𝒆()'" = 𝒆()

&" : a backtracking

If a cycle C = 𝒆("⋯𝒆(% satisfies 𝒆(% = 𝒆("
&" , this part is called a tail

In the equivalence class [𝐶], a backtracking and a tail are the same : a bump
Important concepts on cycles

primitive cycle
<latexit sha1_base64="N/Sh2inYmPLrituxRwh9o+1mT/U="></latexit>

C 6= Bn

primitive not
primitive

reduced cycle
cycle without a bump

reduced

not 
reduced

Note: this is also primitive



The Ihara zeta function
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<latexit sha1_base64="trHY7yVJwgFHl73sZh0l4WUzF6w="></latexit>

⇣G(q) ⌘
Y

[C]:primitive reduced

1

1� q|C|

Ihara zeta function

<latexit sha1_base64="EL9JitK/BC/46Mnf896EmGiMHvM="></latexit>

⇣G(q) = det(1� qW )�1

Equivalently, Hashimoto 1990, 
Bass 1992

Edge expression

length of the cyclecf) Riemann zeta function
<latexit sha1_base64="c0B3dPChhY9vPHV4H7tH1NPKPmM="></latexit>

⇣(s) =
Y

p

1

1� p�s

Ihara zeta function is the inverse of the determinant
of a finite matrix (characteristic polynomial): Ihara 1966

Vertex expression
Ihara zeta function is expressed as the reciprocal of a finite polynomial

<latexit sha1_base64="zgdMLNl7WoHq5umELBY6mVmhf1Q="></latexit>

⇣G(q) = (1� q2)�(nE�nV ) det
⇣
I � qA+ q2Q

⌘�1



How is it possible?
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Observation

length 3 4 6 7 9 10 11 12 13 14 15
#(PRC) 4 2 2 4 4 12 4 6 32 18 16

Ihara zeta function for Double-Triangle
<latexit sha1_base64="tuJjoAbltVFT/hsN+h1UyglGk9M="></latexit>

⇣DT(q)
�1 = 1� 4q3 � 2q4 + 4q6 + 4q7 + q8 � 4q10

Higher order terms disappear by increasing the upper limit of |𝐶| in the product.

<latexit sha1_base64="RE+dIMY/vYHGqqi8YkowvbLJ9Pk="></latexit> Y

[C],|C|15

(1� q|C|
) = 1� 4q3 � 2q4 + 4q6 + 4q7 + q8 � 4q10 + 80q16 +O

�
q17

�



Important properties of the Riemann zeta function
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<latexit sha1_base64="F9grim+Ymq2ozu3MovrpEY+wocs="></latexit>

⇣(s) =
1X

n=1

1

ns

(2) functional equation and the critical strip

Completed zeta function: 𝜉 𝑠 = 𝜋&
*
#Γ +

#
𝜁(𝑠) 𝜉 1 − 𝑠 = 𝜉(𝑠)

Non-trivial zeros of 𝜁(𝑠) are only on 𝑅𝑒 𝑠 = "
#

(3) Riemann‘s hypothesis

(1) Euler product
<latexit sha1_base64="xGagHAR28Lkm2vA9leX5MNjqi9s="></latexit>

⇣(s) =
Y

p

1

1� p�s

critical strip : 0 < 𝑠 < 1



Is Ihara zeta function a zeta function?
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(1) Euler product?
<latexit sha1_base64="+yCUC446vd+5maKzHGLDtN6fUVs="></latexit>

⇣G(q) ⌘
Y

[C]:PR

1

1� q|C|

(2) functional equation?
• If the graph is (t+1)-regular, 

<latexit sha1_base64="v+Jp90BUkLDA4wNlddmddjh+uBk="></latexit>

⇣G(q) = (1� q2)�(nE�nV ) det
�
(1 + tq2)1nV � qA

��1

• Completed Ihara zeta：
<latexit sha1_base64="skD8FsB8iMxWXthjFwN+qVggBUw="></latexit>

⇠G(q) ⌘ (1� q2)nE�nV
2 (1� t2q2)

nV
2 ⇣G(q) = (1� q2)

nV
2 (1� t2q2)

nV
2 det

�
(1 + tq2)1nV � qA

�
<latexit sha1_base64="dswR31cYokrZpazlpkrTZQOW+ag="></latexit>

⇠G(
1

tq
) = (�1)nV ⇠G(q)

(3) Riemann’s hypothesis?
If the graph is Ramanujan, non-trivial zeros of 𝜁%(𝑡&') are only on 𝑅𝑒 𝑠 = !

#
（Ramanujan graph：(t+1)-regular and the eigenvalues of 𝐴 except for 𝑡 + 1 satisfies 𝜆+ < 4𝑡）

proof

Ihara zeta function of (t+1)-regular graph:
<latexit sha1_base64="pyR8oNkNLb+Flv5UxGuqA2kyhf0="></latexit>

⇣G(q) = (1� q2)nV �nE det
�
(1� tq2)1nV � qA

�
= (1� q2)nV �nE

Y

�

(tq2 � �q + 1) zeros：𝑞 = $± $!&'(
)( ≡ 𝑡&*±

If 𝜆) − 4𝑡 < 0, since 𝑠& = 𝑠+∗ , 𝑡&*# ⋅ 𝑡&*$ = 𝑡&*#&*$ = 𝑡&)-. *# = 𝑡&/



Critical strip of the Ihara zeta function
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(a part of ) Kotani-Sunada’s theorem
• 𝜁%(𝑞) has a first pole at 𝑞 = 𝑅% < 1 which has the smallest magnitude of all poles.
• The poles of 𝜁%(𝑞) exist in 𝑅% ≤ 𝑞 ≤ 1
• When 𝐺 is (𝑡 + 1)-regular, 𝑅% = 1/𝑡

Redefinition of the parameter
<latexit sha1_base64="+6ASgbd+TKx7nmQd0Ritmosh3oA="></latexit>

q ⌘ Rs
G or 

<latexit sha1_base64="GgQAmSfG/5XstffEA7nAWhABJC4="></latexit>

s ⌘ log q

logRG
all poles exist in 0 ≤ 𝑅𝑒 𝑠 ≤ 1 (critical strip)

0-2 -1 1 2

-5

5

11

Tetrahedron 𝐾7
𝑅,! =

1
𝑡 =

1
2

0-2 -1 1 2

-5

5

11

Double Triangle (𝐾7 − 𝑒)
𝑅-. ≃ 0.65729⋯

<latexit sha1_base64="C1sONAEUMKU1fmJ+qdlfAbMXaA0="></latexit>q

<latexit sha1_base64="d9g3mprGv0iSnzggLl5630djKsw="></latexit>

RG

<latexit sha1_base64="/HqqkpUoTViSlYQSJ3USWreupAU="></latexit>

1



Matrix weighted Ihara zeta function
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Ohta-S.M. 2022
• regular matrix 𝑋8（size 𝐾）on each edge 𝑒
• 𝑋8/" = 𝑋8&"
• 𝑋9 ≡ 𝑋8)" ⋯𝑋8)0 for 𝐶 = 𝑒:"⋯𝑒:0

!!

!"
!#

!$
!%

cf) Mizuno, Sato 2003,2006
preparation

Matrix weighted Ihara zeta function
<latexit sha1_base64="7PUdicasjGZAY1dwkjcqDZVZGOM="></latexit>

⇣G(q;X) ⌘
Y

C2[PR]

det
�
1K � q|C|XC

��1

Ohta-S.M. 2022

<latexit sha1_base64="EIfGUvA9o4w/t9cZoUkwTkf2Kc8="></latexit>

A(X)vv0 =

(
Xe hv, v0i = e

0 others

<latexit sha1_base64="FeI97NwAO1jnakCc51jxSZmCiw4="></latexit>

(WX)ee0 =

(
Xe if t(e) = s(e0) and e0�1 6= e

0 others

<latexit sha1_base64="kfRSf2z1q4/qx7dbxqabuRWY8lE="></latexit>

= det
�
12KnE � qWX

��1

: vertex expression

: edge expression

<latexit sha1_base64="tEvVVhGv+Gw1fEZt4aP0xXEWprc="></latexit>

⇣G(q;X) =
�
1� q2

��K(nE�nV )
det

�
1KvN � qAX + q2Q

��1

matrix weighted adjacency matrices and the matrix weighted Ihara zeta function



Ihara zeta function as a generating function of 
reduced cycles
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<latexit sha1_base64="wM5fLbX1FFys6KH2pELOmTZ5Yds="></latexit>

= exp

 1X

n=1

Nn

n
qn
!

#(reduced cycle of length n)
<latexit sha1_base64="+7VaPKGuI1PcSWLaxhSNZs6OT5s="></latexit>

⇣G(q) = exp

0

@�
X

[C]:PR

log(1� q|C|)

1

A = exp

0

@
X

[C]:PR

1X

m=1

qm|C|

m

1

A

The Ihara zeta function counts the number of reduced cycles

Generalization to the unitary matrix weighted Ihara zeta function

The U-Ihara zeta function counts all Wilson loops on the graph

<latexit sha1_base64="iqNTkRsY/CIRzOXUZ8nu+9aslYI="></latexit>

⇣G(q;U) ⌘
Y

C2[PR]

det
�
1Nc � q|C|UC

��1
= exp

0

@
X

C2[⇧+]

1X

n=1

qn

n

⇣
TrUn

C +TrU†n
C

⌘
1

A

“chiral” primitive reduced cycles



The Bartholdi zeta function
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<latexit sha1_base64="bvu9r3wLN77Dl5ujB5fBhUK0khE="></latexit>

⇣G(q, u) ⌘
Y

[C]:primitive

1

1� q|C|ub(C)
#(bumps)

<latexit sha1_base64="hv4aTqUpTfRv1kgpJME+rOBqmxg="></latexit>

⇣G(q, u) =
�
1� (1� u)2q2

��(nE�nV )
det

�
1� qA+ (1� u)q2(D � (1� u)1)

��1
,

Vertex expression

<latexit sha1_base64="HSLodysXmm+axCC8tImHDdCa0pw="></latexit>

Jee0 =

(
1 (e0�1 = e)

0 (others)

Edge expression
<latexit sha1_base64="mdd/JUg+uduQgv5cAc9DgS6QI9w="></latexit>

⇣G(q, u) = det(1� q(W + uJ))�1

Bartholdi 2000

𝜁; 𝑞, 𝑢 = 0 = 𝜁; 𝑞



Properties of the Bartholdi zeta function
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Ohta-S.M. arXiv:2408.04952
(math.CO)Functional equations w.r.t 𝑞 and 𝑢 𝐺 ∶ (𝑡 + 1) −regular graph

(Guido-Isola-Lapidus, 2008)

Equivalence between 
Ihara and Bartholdi 

𝑢∗ =
1 − 𝑡
2

Poles of the Bartholdi zeta function (for a general graph) 𝑞

1 − 𝑢 &"

1 − 𝑢∗ &"

multiple polesimple pole



The FKM model
and 

the Ihara zeta function
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FKM model
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<latexit sha1_base64="VBydTT/IQCS8cYGRtMKw13EijBo="></latexit>

S =
X

v2V

m2
v�

†I
v �vI � q

X

e2E

⇣
�† I

s(e)Ue�t(e)I + �† I
t(e)U

†
e�s(e)I

⌘

𝑒
𝑠(𝑒) 𝑡(𝑒)

Φ+ 8
=

𝑈8
Φ> 8
?

Fundamental Kazakov-Migdal (FKM) model on a general graph Ohta-S.M. 2023

<latexit sha1_base64="A+NMuyOTr/9Lu/8EaQd0+73/jHY="></latexit>

SKM = Tr

(
m2

0

2

X

v2V

�2
v + q

X

e2E

⇣r
2

⇣
�2

s(e) + �2
t(e)

⌘
� �s(e)Ue�t(e)U

†
e

⌘)
cf) KM model on the graph Kazakov-Migdal 1992

Ohta-S.M. 2022

fundamental scalars
(𝐼 = 1,⋯ ,𝑁1)

unitary matrix
(color 𝑁2)

Arefeva 1993

The partition function after tunning the mass parameters: 

FKM model is described by the unitary matrix weighted graph zeta function

<latexit sha1_base64="r5Mcnb8hKvTcjm6RaF6GT1QjIDI="></latexit>

ZG = N
Z Y

e2E

dUe ⇣G(q;U)Nf

<latexit sha1_base64="LNj9XuItoOiGN4C1IepvTAJPJDs="></latexit>⇣
N = (2⇡)NfNcnV

�
1� q2

�NfNc(nE�nV )
⌘

<latexit sha1_base64="wdR1IJfj7RKaV+u91VwDrYTb/Xk="></latexit>

m2
v = 1 + (deg v + 1)q2



Effective action and the relation to the Wilson action
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※ valid only for small |𝑞|
(at most |𝑞| < 1)

<latexit sha1_base64="K1JoLzP2Ll4kFPbUfmLCZzrClgE="></latexit>

Se↵(U) = �Nf

X

C2[⇧+]

1X

n=1

qn

n

⇣
TrUn

C +TrU†n
C

⌘

<latexit sha1_base64="wKeJpWpqj/LbmSZfiDVc5UV/4Ac="></latexit>

⇣G(q;U) = exp

0

@
X

C2[⇧+]

1X

n=1

qn

n

⇣
TrUn

C +TrU †n
C

⌘
1

A

FKM model is a generalization of the usual lattice gauge theory

<latexit sha1_base64="zAEgYN6ETYDir0Dx96DGLMil54I="></latexit>

� ⌘ Nf/Nc

<latexit sha1_base64="5IIbWkm4YfzW3GEx+nPQFhSDwNo="></latexit>

q ! 0, � ! 1, � ⌘ 1

�ql
: fixed (𝑙 : minimal length of the cycles)

<latexit sha1_base64="P3f8zmChgb06AThtX07u964/nBg="></latexit>

Se↵(U) ! �Nc

�

X

C : minimal length

⇣
TrUC +TrU †

C

⌘



Duality 
of the FKM model
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Duality of the FKM model
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functional equation of the U-Ihara zeta function for a (𝑡 + 1)-regular graph
<latexit sha1_base64="ChDReC7LhAZ1+ITFQwhfbFhn03E="></latexit>

⇣G(1/tq;U) = (tq2)nV Nc

✓
�tq2(1� q2)

1� t2q2

◆(nE�nC)Nc

⇣G(q;U)

Ohta-S.M. 2024

The FKM model on a regular graph is self-dual
thanks to the property of the zeta function

The FKM model on an irregular graph has also a dual expression.

“functional relation” for an irregular graph Ohta-S.M. 2024 <latexit sha1_base64="aIO4yLr2twOobvOrxLqJOda6H48="></latexit>⇣
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a matrix weighted Bartholdi zeta function with (unfamiliar) weights

For an arbitrary 𝜔,<latexit sha1_base64="WoEN2TwEDLQDDl9J4liDh5jTF10="></latexit>
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Remarks
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1) This duality disappears in the Wilson limit: 

<latexit sha1_base64="Ge/A7p6VZkCoGOQ0FY1agMSZzRk="></latexit>
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<latexit sha1_base64="zAEgYN6ETYDir0Dx96DGLMil54I="></latexit>

� ⌘ Nf/Nc

<latexit sha1_base64="5IIbWkm4YfzW3GEx+nPQFhSDwNo="></latexit>

q ! 0, � ! 1, � ⌘ 1

�ql
: fixed

FKM → Wilson 

Since the Wilson limit appear in 𝑞 → 0, the dual description is infinitely separated in this limit. 

All Wilson loops seem to be required for the duality to emerge.
(Stringy effect ?)

2) The original Kazakov-Migdal model also has this duality. 
As far as I know, this has been missed.



Instability 
and 

the critical strip 
of the Ihara zeta function
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Stability of the FKM model
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The action of the FKM model 

<latexit sha1_base64="gQpyQGC1TPr/n6vYqI3VX3z0Wd0="></latexit>

�(q;U) ⌘ 1� qAU + q2Q

The kernel at the vacuum 𝑈 = 1
<latexit sha1_base64="hnNdVBVFOrp87FA2QTCgMiZPIHE="></latexit>

�(q;U) !
U!1

1� qA+ q2Q ⌘ �(q) : deformed graph Laplacian

• 𝑈 = 1 is stable when Δ 𝑞 is positive definite 
<latexit sha1_base64="GAvrnTLgKNNy4OQ/5rdhKqWakLM="></latexit>

det�(q) =
nVY

i=1

�i(q) = (1� q2)�nE+nV ⇣G(q)
�1•

fact 2: 𝜁3(𝑞) has poles at 𝑞 = 1 and 𝑅3 and the other poles are in 𝑅3 ≤ 𝑞 ≤ 1 (critical strip)

<latexit sha1_base64="upt5hPnQF4givB1g894Fa9B7NXk="></latexit>
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1fact 1: 
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q2Q = q2 diagv2V (deg v � 1)and

For 𝑞 > 0, the FKM model is stable in 𝑞 < 𝑅4 and q > 1



GWW phase transition
in the FKM model
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GWW phase transition on the cycle graph

2024/09/03 離散研究会2024@東工大 26

After gauge fixing : 𝑈# = ⋯ = 𝑈$ = 1 (𝑈" ≡ 𝑈, 𝛼 ≡ 𝑞$) 

Eigenvalue density in large 𝑁@
<latexit sha1_base64="46IHxOmlxmSjeYTr42OVz9BGM+k="></latexit>
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Wilson limit
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exactly reproduces 
the result of GWW model
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a one-matrix model solvable in large N

Free energy
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3rd order GWW phase transition (appears only for 𝜸 > 𝟏)
(valid only in 𝑞 < 1)



Phase in the dual side
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Free energy in 𝑞 > 1
<latexit sha1_base64="2gWl9wbr3DNszZJCvVYfO/wtFZ8="></latexit>

FCn(1/q) = FCn(q)� 2n� log q

parametrization for 𝐶$
<latexit sha1_base64="ieNtdZubVFKpMQSjzY1iBMl+w/Y="></latexit>

s = � log q
cf) for a (𝑡 + 1)-regular graph 

<latexit sha1_base64="3AEAR2KfqhVqJx7gk848CrZGiss="></latexit>
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internal energy specific heat derivative of the specific heat
<latexit sha1_base64="d78msA+D/+voWYb0KzTEI8VVv4Q="></latexit>
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：regular graph
<latexit sha1_base64="OayhIMr3LqQ0U2QWq3ZY1CfoogE="></latexit>

Cn
Ihara zeta function is self-dual 𝑡 = 1

<latexit sha1_base64="FXimmimr14DpRVOsh267nLAP5Fg="></latexit>

⇣Cn(1/q;U) = q�2nNc⇣Cn(q;U)

※ 𝑛 = 3, 𝛾 = 10 ⇒ 𝑠∗ ≃ ±0.98



Phase structure in the general graph
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⌘
effective action in general : multi-matrix model

hard to solve even in large N in general

Hint 2 : For 𝐶(, the position of the phase transition can be almost read off in the Wilson limit 
<latexit sha1_base64="4S8vaJxxpK486CWNUQkpfvUG2JY="></latexit>

� ! 1, q ! 0, �qn ⌘ ��1 : fixed
<latexit sha1_base64="iLs4/KmuxxHnDI9ZcqNDb86BSiE="></latexit>

q⇤ ' (2�)�1/n

Strategy
Scale the parameters so that the action can be regarded as the GWW model (if it possible). 

How to analyze? 

Hint 1 : all cycles are generated by fundamental cycles and the GWW phase transitions will take 
place for each fundamental cycle at some coupling constant. 
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example
3 fund. cycles
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Fundamental cycles and the GWW phase transition
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fundamental cycles of the minimal lengths (𝑟 = 𝑛) − 𝑛! + 1)
<latexit sha1_base64="kiiEyE/VnAYSZCBqIF/qcIVgV1c="></latexit>

F ⌘ {[Ca] | a = 1, · · · , r, |C1|  · · ·  |Cr|}
𝑟 = 2 𝑟 = 3
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the effective action of the FKM model in the region 0 < 𝑞 < 𝑅%
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Gli = ; GWW transition around 𝑞)∗ ≃ 2𝛾 ⁄! ,0 is expected
<latexit sha1_base64="C/zNCMinLw8WNkcx3Qx7Hmzgj6U="></latexit>

Gli 6= ; We cannot use the result of GWW model. Numerical simulation necessary
In large 𝛾 : 
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a subset of [⇧+] whose length is li but are not in Fli
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recall 
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graph is regular 𝑞 > 1 is just a copy of 0 < 𝑞 < 𝑅; because of the exact duality

graph is irregular we have to write down the 1/𝑞-expansion of the dual action
through
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(1) Tetrahedron (3-regular)
<latexit sha1_base64="DIyoFRHP65YkaHXTB5tSuFRKrYQ="></latexit>
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we will see the exact duality but 
will be different from the GWW model

(2) Double Triangle (irregular)
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63

256q9
+O(q�11)

・one transition in the both region
・both regions will be similar

(3) Triangle-Square (irregular)
<latexit sha1_base64="sVVpRbpJ3WrGHtstE2/565kpD2Q="></latexit>

Se↵(q;U) = ��Nc Tr
⇣
q3

�
UC1 + U�1

C1

�

+ q4
�
UC2 + U�1

C2

�
+ · · ·

⌘
<latexit sha1_base64="9jmJVXw3Za2BZo21CDmKbV+eRRc="></latexit>

S̃e↵(q;U) = ��Nc Tr

"
X

a=1,2

ga(q)
�
Ua + U�1

a

�
+O(q�5)

#

<latexit sha1_base64="iOGF7q4IOxWdJKrPOvpqmX/ipQ4="></latexit>

g1(q) =
1

4q3
�

3

16q5
+

17

64q7
�

39

256q9
+O(q�11),

g2(q) =
1

4q4
�

3

16q6
+

17

64q8
�

63

256q10
+O(q�12).

・two transitions in both sides
・both regions will be similar

(4) Triple Triangle (irregular)

<latexit sha1_base64="sapbU5uPat4+hmyZ3PG6ArIm4Oo="></latexit>

Se↵(q;U) = ��Nc Tr

"
X

a=1,2,3

q3
�
Ua + U�1

a

�
+O(q�4)

#

<latexit sha1_base64="SOLZyZWoAWeqX0C2YumGyKSuSZc="></latexit>

S̃e↵(q;U) = ��Nc Tr
h
g1(q)

�
U1 + U2 + U�1

1 + U�1
2

�

+ g2(q)
�
U3 + U�1

3

�
+O(q�4)

i<latexit sha1_base64="mZGLAsWQ7Gl65pDSjoeKDHoxxzY="></latexit>

g1(q) =
1

6q3
�

11

72q5
+

233

864q7
+O(q�9) ,

g2(q) =
1

12q3
�

17

144q5
+

115

576q7
+O(q�9).

・one transition in 𝑞 < 1
・two transitions in 𝑞 > 1



Numerical results
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(0) Cycle graph 𝐶!
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(1) Tetrahedron 
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The shape does not depend on 𝑁1.
3rd-order?

internal energy



(2) Double Triangle
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(3) Triangle-Square

2024/09/03 離散研究会2024@東工大 36



(4) Triple Triangle
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Conclusion
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• We constructed the FKM model on the graph and found that the partition 
function is described by the unitary matrix weighted Ihara zeta function. 

• The effective action of the FKM model reduced to the Wilson action in an 
appropriate parameter limit. 

• The FKM model on a regular graph has a strong/weak coupling duality 
because of the functional equation of the Ihara zeta function. 

• The FKM model on an irregular graph has also a dual description. 

• The FKM model exhibits the GWW phase transition, and the phase 
structure depends on the structure of the cycles of the graph.

• We checked the theoretical analysis by numerical simulations.



Future works
• Basic properties of the Bartholdi zeta function are unknown (coming soon)

• 3-matrix model 𝑆 = 𝑇𝑟 𝑈! +𝑈" +𝑈# +𝑈!𝑈"𝑈# + ℎ. 𝑐 (Does anyone know about this?)

• Continuum limit? or dynamical fermions? (connection to QCD)

• Physical meaning of the Riemann’s hypothesis of graph zeta function 
or Ramanujan graph?

• Can graph zeta function be an observable of SUSY gauge theory on 
the graph?

• Relation to other zeta functions? 
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Thank you very much!
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Backups
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Matrix weighted Bartholdi zeta function
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Ohta-S.M. 2022
• regular matrix 𝑋8（size 𝐾）on each edge 𝑒
• 𝑋8/" = 𝑋8&"
• 𝑋9 ≡ 𝑋8)" ⋯𝑋8)0 for 𝐶 = 𝑒:"⋯𝑒:0
• matrix weighted adjacency matrices

<latexit sha1_base64="EIfGUvA9o4w/t9cZoUkwTkf2Kc8="></latexit>

A(X)vv0 =

(
Xe hv, v0i = e

0 others

Matrix weighted Bartholdi zeta function
<latexit sha1_base64="5ikEXQO/2yjE6izd2EYJ37V7Y3w="></latexit>

⇣G(q, u;X) ⌘
Y

C2[P]

det
�
1K � q|C|ub(C)XC

��1
,

!!

!"
!#

!$
!%

<latexit sha1_base64="hEUHVlnVrNKJ7/EJt463OH3ZPLU="></latexit>

(WX)ee0 =

(
Xe if t(e) = s(e0) and e0�1 6= e

0 others
, (JX)ee0 =

(
Xe if e0�1 = e

0 others
.

<latexit sha1_base64="/8RgoQ0q5gloaPmn6e+/97ypgRQ="></latexit>

= det
�
12KnE � q(WX + uJX)

��1

<latexit sha1_base64="QbzeICR5RbmZPfl7BDkkp7e7mBg="></latexit>

=
�
1� (1� u)2q2

��K(nE�nV )
det

�
1KvN � qAX + (1� u)q2(D � (1� u)1KvN )

��1

cf) Mizuno, Sato 2003,2006



伊原ゼータ関数の例
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<latexit sha1_base64="lTtuZTa5bsXbMCVsxTJpaYuGTac="></latexit>

C1

<latexit sha1_base64="650XcdWIUDHjORTKXF7mGvsfLCs="></latexit>

C2

<latexit sha1_base64="SP23DHHdQyPx1zcTH6ZqHeNYd/c="></latexit>

C3
<latexit sha1_base64="9FV/Kx2pfIg/+PdjGZi2qWj+xNk="></latexit>

C4
<latexit sha1_base64="EB/EZwo8speaFLvkMWzxoKAEw/I="></latexit>

C5 ・・・

<latexit sha1_base64="h3fXKWVjWdZFWavBIbStL01a2Cs="></latexit>

⇣DT(q) =
1

(1� q3)4
1

(1� q4)2
1

(1� q6)2
1

(1� q7)4
· · ·

Double Triangle

Triangle <latexit sha1_base64="ihj0QsZWcvqMN0Y6oUd1gWBGCrQ="></latexit>

⇣C3(q) =
1

(1� q3)2
= 1 + 2q3 + 3q6 + 4q9 + 5q12 + · · ·

一般には、primitive reduced cycleは無数にあるため、素朴には閉じた形に書けない

<latexit sha1_base64="BC7+mO7elGngROvv+pyehg5d1Jo="></latexit>

C

<latexit sha1_base64="XUWKs4Ur5KfVdxaMdt9YHuB7djU="></latexit>

C̄

primitive reduced cycleは
ふたつ



Gauge fixing and degrees of freedom
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<latexit sha1_base64="QexCf/HIFZ63EVF5DPIYxQlc3kg="></latexit>

Se↵(U) = �Nc log (⇣G(q;U)) = �Nc log det (1� qWU )

degrees of freedom after gauge fixing
・We can set 𝑈8 = 1 on a spanning tree

・The number of the remaining edge = rank 𝒓

𝑼𝟏

𝑼𝟐

<latexit sha1_base64="IENPNaZqKZeIOynt+XGHpG09/CI="></latexit>

(UC = Ua1 · · ·Ual)

<latexit sha1_base64="tTPCxFOrT5NH8p2Zn3pyehvRse4="></latexit>

Se↵(U) = �NC

X

[C]

1X

n=1

qn|C|

n

�
TrUn

C +TrU�n
C

�

・The remaining unitary matrices = independent plaquette variables
𝑈!, ⋯ , 𝑈$ : fundamental cycles



Saddle points
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reduced cycles including 𝐶;

<latexit sha1_base64="kinplbIX4kBsTDXtve39ZsTgr4A="></latexit>

�Se↵(U) = �i
rX

a=1

X

C2Ra

q|C| Tr
⇣
�Aa

⇣
UC � U†

C

⌘⌘
= 0

・ For 𝐶 = 𝐶;𝐶<: 
<latexit sha1_base64="XW2+Q9A8shKxYSyyQEcPfcR9nqI="></latexit>

UaUb = (UaUb)
† = U†

bU
†
a = UbUa

<latexit sha1_base64="MztnMGyzWmcyzCHQVT6kYQRRU4c="></latexit>

UC = U†
C for all reduced cycles・

・ C can be a fundamental cycle:
<latexit sha1_base64="zyv7p6kCTasE5WtfG5QZT8AiRmg="></latexit>

Ua = U†
a

𝑈% are diagonalizable simultaneously.

<latexit sha1_base64="2lOnIZ6NNitxpN5S0bHgsggaLj4="></latexit>

Ua = diag (±1, · · · ,±1)



Vacuum and the stability
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<latexit sha1_base64="RHalLwUvqVJLw4PFI99ZsC9orzc="></latexit>

Ua = 1Ncvacuum : 
The stability of the vacuum

<latexit sha1_base64="srz46MV2Uw7MiepSKXPoVXfuaJQ="></latexit>

Se↵(U) = �N2
c log ⇣G(q)�

rX

a,b=1

Tr (�Aa�Ab) (MG)ab +O(�A3)

Proposal

0-2 -1 1 2

-5

5

11

<latexit sha1_base64="kQAw738lVyhwNnOmWobBWYOV59Y="></latexit>

S(U)
��
FP

= �Nc

X

C

1X

n=1

qn|C|

n

�
N+

C +N�
C (�1)n

�

<latexit sha1_base64="yEqUUytr6g1WoB0NKMKO2tfO8Ik="></latexit>

det(MG) < 0 0 < s < 1

det(MG) > 0 otherwise


