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Conformal factor problem
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Hartle-Hawking vs Vilenkin
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Our setup

N*(t)
q(t)

Lapse function

ds* dt® + q(t) [Qi;(x) + hy;(t,x)] dz*dz’

Scale factor Tensor fields

Gravitational action is expanded up to the second order in the perturbation
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Batalin-Fradkin-Vilkovisky (BFV) formalism

Path Integral of Quantum Gravity

Glq,h| = / DqDhDp,Dpp, DIT'DN DpDcDp Dc exp(iSsrs/h)
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Becchi-Rouet-Stora (BRS) invariant action SBRS = / dt (pqq" +pph — NH + 1IN + pc + cp — ﬁp)
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Lagrange multiplier and ghost fields
BRS symmetry transformation

oOH OH OH OH
0a = Acﬁpa , ODq = —)\C% , 0h = )\Ca—ph , Opp = —)\c% ,
Lorentzian path integral ON = Xp, dc==MI, dp=—-AH, 0l =dc=20p=0
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Glg, h] = /dN(tf —t;) /Dth’quDph exp (3/ dt (pqrj + prh — N’H) /h)
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Lorentzian Quantum Cosmology

Lorentzian path integral for no-boundary and tunneling proposal
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Boundary conditions -.
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Lorentzian Quantum Cosmology

Lorentzian path integral for no-boundary and tunneling proposal
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Path integral over Q(t) can be evaluated
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Picard-Lefschetz theory
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Picard-Lefschetz theory
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Integration Contour (0<N<+oo)
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Integration Contour of Lapse function

J. Diaz Dorronsoro, J. J. Halliwell, J. B. Hartle, T. Hertog
N >0 dr = Ndt and O. Janssen, Phys. Rev. D 96 (2017) 043505

Glq, h| = /UmdN/’Dq’Dhexp (¢Sar|N, q, h]/h)

—00 < N < 400

Glq, h] = /_m dN]’Dq’Dh exp (iSgr|N, q, h|/h)




Integration Contour 1 (-eo<N<+e0)

Rl ;. Phys.Rev.D 97 (2018) 2, 023509

2 (tunneling) saddle points




Integration Contour 2 (-eo<N<+o0)

RIS . Phys. Rev. D 96 (2017) 043505,
| | ' Phys.Rev.D 97 (2018) 2, 023509

Tunneling saddle points
| ; 4 (all) saddle points

No-boundary wave function
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Picard-Lefschetz and Resurgence Analysis

3iVa [ dN iS©@on-shen N1 /5 [M. Honda, H. Matsui, K. Okabayashi,
N1/2° T. Terada, 2402.09981]
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Integration Contour of x
12ay + 8% < 0

No-boundary and tunneling saddles are
on Stokes lines (thimble decomposition
is ambiguous) . We can not determine
whether tunneling saddle points or no-
boundary saddle points contribute

i

F ($) h Son-shell (5'3)

We deform the hbar to be complex
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Picard-Lefschetz and Resurgence Analysis

T Only tunneling saddle points T
10 contribute 10




Picard-Lefschetz and Resurgence Analysis

Stokes jumps -> Resurgence 12ay + [32 > (0 ﬁ > ()
)

Black and red saddles Only black saddles

) — +1"B contribute contribute




Resu rgence Ana IySiS [M. Honda, H. Matsui, K. Okabayashi,

T. Terada, 2402.09981]
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3ah?
We expand it around x=0 Borel transformation sign(8) = +1
= T;]Cnﬁm BGy(t) = go F(2:n+ 1)t2” .............. > BGy(t) = et T ‘ZZT F (1 %1, 21;23 )
Laplace transformation  SpGo(k) = %/ﬂm - dte™» BGy(t)
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r\ 48 J, 6’6 IE the ambiguity for the
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Perturbation Problem In
Quantum Cosmology




Divergent perturbations

SGr|q; h, N|

_ a(0) (2) 3 [Phys.Rev.D 110 (2024) 2, 023503, Phys.
i SGR[CL ] T SGRV% N] + O(h ) Rev. D 107 (2023) 043511, Phys.Rev.D 97

(2018) 2, 023509 Phys. Rev. Lett. 119,
171301 (2017) ]

Background part Perturbation part
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)2 | Cmode 1 g
N2 | _ q2 N2 q
Redefined field

x(t) = q(t)h(t)

General Solutions

MU \/(HQNQt(t — 1)+ q5t) (HEN?t(t — 1) + H?q ¢t + otmode)

x {O (H2N2(t—1)+qf)g H2N2(2t — 1) + |/ HAN* + N2 (~4amose — 2H?4) + ¢} + 45
1
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2
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Divergent perturbations

Near the singularity the solution behaves as

5[N] = \/(H2N2 N qf)2 — AN?amode B , AN?0mode
(H2N? — gy) (
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Divergent perturbations

Tunneling saddle point Inverse-Gaussian Wave function
N — L 7., 72 _1)\/?
v (-1
Saddle point action
| No-boundary saddle point
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[Phys.Rev.D 110 (2024) 2, 023503, Phys. Rev. D 107 (2023) 043511,
Phys.Rev.D 97 (2018) 2, 023509 Phys. Rev. Lett. 119, 171301 (2017) ]




[Phys.Rev.D 110 (2024) 2, 023503, Phys. Rev. D
107 (2023) 043511, Phys.Rev.D 97 (2018) 2,
023509 Phys. Rev. Lett. 119, 171301 (2017) ]

No Smooth Spacetime

Unstable Perturbation
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Unstable Perturbation




Trans-Planckian Physics



Trans-Planckian Physics

Physical momentum diverges at Big-

Modified dispersion relation . .
bang singularity

kphyﬂ—}ij q+0

2 2 L
W = F (kthS) kphys — &Elnde/qz

J. Martin and R. H. Brandenberger, Phys. Rev. D 63 (2001)
12350, Mod. Phys. Lett. A 16 (2001) 999, Phys. Rev. D 65

Modified pertu rbative action (2002) 103514, J. C. Niemeyer, Phys. Rev. D 63 (2001) 123502

<@ @ ., J e X)) =a@)h()
B B xxd |, X°¢° X’ @
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Trans-Planckian Physics

1. Generalized Corley-Jacobson dispersion relation

S. Corley and T. Jacobson, Phys. Rev. D 54 (1996) 1568

introduced by higher-dimensional
operators of gravity !

3. Unruh’s dispersion relation

W. G. Unruh, Phys. Rev. D 51 (1995) 2827



Generalized Corley-Jacobson
dispersion relation

Generalized Corley-Jacobson

Equation of motion in UV (p=2) dispersion relation

e r 2 7 e
X Xmode Xmode 1 q
| 1+06 = —0
g { 2 |7 (qM%N) qu}x

Solutions in UV (p=2)

1 [ \/_GfmodeBN(N2H2 2t 1) _I_qf)
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Near the singularity T = 0 the solution behaves as % aefN/( s)
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Divergent



Generalized Corley-Jacobson
dispersion relation

Tunneling saddle point

[ (gpH2 - 1)V

Nt =3 | |

Saddle point action

- -7 Cnoags 2 g Re[)] < 0
b (2 T4 T M2 oot
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TR M,

5 1
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[Phys.Rev.D 110 (2024) 2, 023503,
Phys. Rev. D 107 (2023) 043511]

3/2 .1/2
aI‘I‘LDdEbE hﬂ

Inverse-Gaussian Wave function




[Phys.Rev.D 110 (2024) 2, 023503,

Trans-Planckian cutoff  ricreb o e see

Equation of motion (UV) Trans-Planckian cutoff
X M 2H? "
N2 T\ H2N2(t— 1)t +q;t H2ZN2(t— 1)t +qt )~

Solutions in UV

—~A/H 3+A/H 2 N2 — 2 _ 2
x(t) = Cs G35 : 2’ ?3+2X | A A \/9H Mty
2,2 0,1 H2N2—ql
H?*N?t 1-A/H 1+ A/H H*N?t
2F1 DE

_C
° H2N2 — ¢ 2 > 2 7V H2N?2_ g

On-shell action

Inverse-Gaussian

) -I" i
2H2} Wave function

2N2 _ { e

(H N Qf) o Iy KIQA; I_EA 23 HEHNéV—Qf)

(3—A 3+A. H2N?2
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Summary
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